A frequency function and singular set bounds 
for branched minimal immersions 

Leon Simon* & Neshan Wickramasekera''' 
Contents 

§0 Introduction 1 

] §1 Preliminaries 3 

52 2-valued harmonic functions — Part I 6 



(N 



Q ' §3 C^ " estimates for a class of linear equations 12 

. §4 2-valued harmonic functions — Part II 15 

§5 Regularity for Ua — ^{ui + U2) and v — ±^(ui — U2), Part I 19 

psj ' §6 Some Growth Results for a Class of Linear Equations 25 

§7 Regularity for Ua — 5(^1 + U2) and v — ±i(ui — U2), Part II 33 

, §8 A frequency function for v and the dimension of ICu 36 

I §9 Appendix: A simple connectivity lemma 42 

Introduction 

In IWicOSI ■ the second author estabhshed a local C^'" partial regularity theory for stable 
>■ ' 

QQ ■ branched minimal hypersurfaces of multiplicity < 3. The main regularity theorem of 



|Wic08] in particular implies that locally near any point where it has one tangent cone 



(N 
O _ 

^ ! equal to a multiplicity 2 hyperplane, a stationary integral varifold arising as the weak 

^ . limit of a sequence of stable minimal hypersurfaces, each of which is immersed away 

O ■ from a closed set of singularities (including branch points) of locally finite codimension 2 
Hausdorff measure, must be a C^'" 2-valued graph over a domain in a suitable hyperplane 

^ I for some a G (0, 1). It remained open how large the singular set of the varifold could be 

^ I near such a point. Also left open was the question of the optimal value of a. 

Here we give answers to these questions by proving that, near such a point, the varifold 
is always a C*^'^/^ 2-valued graph, and that either it is regular (which means that in a 
neighborhood of the point, either the support of the varifold decomposes as the union 
of two smooth embedded (intersecting) graphs or the varifold is equal to a multiphcity 
2 copy of a single regular embedded minimal graph), or the set of its singularities (i.e. 
branch points) has Hausdorff dimension precisely equal to n — 2. 

In fact we here establish, in Theorems 7.1, 7.4 and 8.10, that such results apply in 
arbitrary codimension k > 1 without any a priori stability assumption. That is, we 
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show that any 2-valued C^'" {a G (0, 1)) function u = {ui,U2} (with values of Uj G M*^) 
on an open ball B in whose graph G, viewed as a varifold with multiplicity 2 at 
points where ui = U2 and with multiplicity 1 at points where ui 7^ M2, is stationary in 
the cylinder B x M^, must be a C^'^^^ function, and that the set of its singularities, if 
non-empty, must have Hausdorff dimension equal to n — 2. The C^'^l"^ regularity is of 
course optimal, as is shown by the case when n = k = 2 and u is the 2-valued function 
u{x, y) = z^/^, z = X + iy, with graph G = {{w, z) e C x C ^ M.'^ x M.'^ : w'^ = z^} which 
is a complex algebraic variety, hence minimizing in as a 2-dimensional multiplicity 1 
current, and hence stationary as a 2 dimensional multiplicity 1 varifold in M^. 

The existence of large families of non-parametric branched C^'" minimal hypersurfaces 
(i.e. the case n > 2, k = 1) has been established by the authors |SW07] . In the case 
n = 2, recently L. Rosales jRoslO] established the existence of further classes of such 
surfaces without the symmetry assumptions needed in |SW07j . 

The main tool used here to bound the size of the branch set is a monotone frequency 
function for the 2-valued difference v = ±|(ui — ^2)- The frequency function allows one 
to produce non-trivial, homogeneous 2-valued stationary harmonic blow-ups at branch 
points. F. J. Almgren Jr. first introduced the notion of frequency function in the 1970's 
and used it to study energy minimizing multiple-valued harmonic functions and the 
singular set of area minimizing currents. Almgren's main work on these topics, avail- 
able since the early 1980 's in preprint form, was published posthumously in book form 
in lAlmOOj . 

Establishing monotonicity properties of the frequency function in the present PDE set- 
ting depends crucially on knowing the C^'^/^ regularity of the solution. In fact we 
need, and prove, more than that. We show that the (single valued) average function 
Ua = ^(yUi + U2) of the 2-valued solution is of class C^'\ and the 2-valued difference 
V = ±|('Ui — U2) is in C^'^^'^. Most of the present work goes into proving these regu- 
larity results, and involves in particular establishing a C^'° Schauder theory and W'^''^ 
estimates for our 2-valued functions, as well as a "frequency gap" result for 2-valued sta- 
tionary harmonic functions and growth estimates for 2-valued solutions to certain linear 
equations. Once the required regularity is established, it is straightforward to prove that 
the 2-valued difference function v = ±^{ui — U2) satisfies a weakly coupled divergence 
form elliptic system with Lipschitz coefficients, and we can then apply appropriate mod- 
ifications of the work of Garofolo and Lin |GL86] (which establishes monotonicity of a 
frequency function for single valued solutions of divergence-form elliptic equations with 
Lipschitz coefficients). 
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The remainder of the proof depends on more or less standard apphcation of "dimension 
reducing" arguments utihzing the monotonicity of the frequency function in a manner 
completely analogous to the arguments in |AlmOO] . 

1 Preliminaries 

We use the notation Bp{xo) = {x G M" : |x — Xo| < p},Bp{xo) = {x G M" : |x — Xo| < p}, 
k > 1 {k is the codimension), Bp = Bp{0), and u denotes a C^'"(-Bi, M^) 2-valued 
function, so 

1.1 u(x) = {ui(x) , U2{x)} (an unordered pair of points in MJ') for each x G Bi. 
With such 2-valued functions u = {ui,U2},v = {vi,V2} we adopt the convention that 

\u{x)\ = \ui{x)\ + \U2{X)\ 

\u{x) — v{x)\ = min{|Mi(x) — Vi{x)\ + \u2{x) — V2{x)\, \ui{x) — V2{x)\ + \u2{x) — 

and we write u G C^{Bi) if for each x E Bi there is a 2-valued affine function on M" 
of the form 

Lx{h) = {ui{x) + Ai{x)h, U2{x) + A2{x)h} 

(assuming points in M" are written as columns). Here Ai{x),A2{x) are k x n matrices 
and 

lim |/i|^"'^|M(a;) — L^(/i)| = 0, lim sup \Lx{h) — Ly{h)\ = 0, 

and in this case Du{x) denotes the (unique) 2-valued function {Ai{x) , A2{x)} , and we 
sometimes also write Dui{x), Du2{x) rather than Ai{x)^ A2{x). Also we say u G C^''^{Bi) 
if 

where a G (0, 1) is given and 

|w|l,a;Bi = sup \u\ + SUp \Du\ + [Du]a,B-i_-, 
' ' Bi Bi 

where \u\, \Du\ and the Holder coefficient [Du]a,Bi interpreted in the usual way; thus 

\u\ = \ui\ + \u2\, \Du\ = \Dui\ + \DU2\ 
[Du]a = sup \xi — X2\^"'\Du{xi) — Du{x2)\, 

xi,X2€Bi,xij^X2 
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where 

\Du{xi) - Du{x2)\ = min{|Ai(xi) - Ai(x2)| + \A2{xi) - A2{x2)\, 

\Ai{xi) - A2{X2)\ + \A2{xi) - Ai{x2)\}, 

with Ai{x),A2{x) as above. The area functional is given by 



where g{u(,) = det{Sij + DiUi ■ DjUg) (notice this makes sense because \/ g{ui) + \J g{u2) is 
a well defined single- valued function on Si), and we assume that u is a stationary point 
for this functional in the sense that G — graphic — {{x,y) & BixMl' : y — ui{x) or y — 
U2{x)} is a stationary varifold. Thus we assume that 



1.2 



/ divaX edK" = 0, j ^ I, . . . + k,X ^ Cl{B^ x K^ M"+*^), 

J G 



where 6 is the multiplicity function (= 2 and points where Ui = U2 and = 1 at points 
where Ui ^ U2) and where div^X denotes the tangential divergence of X on G. Thus 
div^X = X]J=f ■ VgXj, with V^Xj denoting the gradient of Xj on G (i.e. P.j:{DXj), 
where is the orthogonal projection of M""'"'^ onto the tangent space of G at any point 
X E G). In particular if we let 

K-u — {x & Bi : ui{x) — U2{x) and Dui{x) — Du2{x)} 

then in each ball Ba{y) G Bi \ /C„ we can label the values Ui,U2 of u such that 
Ui\B^{y),U2\B^{y) are G°°{B„{y)) solutions of the minimal surface system, so that 

1.3 M{uj) = QinB,{y), j ^ 1,2, 
with M{uj) = {Mi{uj), Mk{uj)), 

1.4 M,{w) = EU^j{^/9H9'''HD,w,), K = l,...,k, 

where {g^^{w)) = {gij{w))~'^ , gij{w) = 5ij + DiW ■ Djw, g{w) = det(g'y(w)). Our aim is 
to show that the closed set /C„ in fact has Hausdorff dimension < n — 2. Observe that, 
since u is and 2-valued one can check the inclusion 

1.5 Bu C tCu, 

where Bu is the "branch set" B„ of u, which is defined to be the set of points y E Bi 
such that there is no neighborhood Uy of y such that the values Ui, U2 can be ordered in 
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Uy in such a way that each of ui,U2 is a single-valued C function in Uy. Observe that 
the inclusion 1.5 fails in general for Q- valued functions with Q >3. 

The function 

v{x) = {±l{u2{x) - ui{x)) : X e Bi} 

defines a 2-valued C^'"(Si,R'^) function which is "symmetric," in the sense that at each 
point X the two values of v{x) are negatives of each other. )Cu is then the same as 

ICy^{x eBi: \v{x)\ = 0, \Dv{x)\ = 0}. 

The main results proved here are local results valid in a neighborhood of a point (0 say) 
in fCu and since we can always (rotating the graph if necessary) assume that u{0) — 
{0, 0}, Du{0) = {0, 0}, we can, and we shall, assume (after rescaling) that in fact 

1.6 sup \u\ + sup \Du\ + [Du\a,Bi < £0) 

Bi Bi 

where Eq is to be specified (depending only on n, k) later. Notice that by using 1.6 
together with (single- valued) quasilinear elliptic estimates in balls contained Si \/C„, we 
have for each 9 e (0, 1) 

1.7 \v{x)\ + d{x)\Dv{x)\ + d{xf\D'^u{x)\ < Ceod{xy+'' 

on Be, where, here and subsequently, d{x) — dist(a;, /C„) (= dist(j;, /C„)), and where 
C — C{n,9). There is a well-defined single- valued C-*^'" "average" Ua given by 

1.8 Ua = \{ui + U2) Bi, 

where ui, U2 are as in 1.1. A principal ingredient in the proof that the frequency function 
for V has the appropriate monotonicity properties will involve showing that Ua is of class 
C^'^ (which we do in §7). 

As mentioned above, the function v = {±^{ui — U2)} is a 2-valued C^'" symmetric 
function, and for this reason much of the analysis that follows will relate to 2-valued 
symmetric functions. Since we use integral estimates it is necessary to discuss Sobolev 
spaces of such functions. So assume that w is a 2-valued symmetric (i.e. at each point 
the two values of w are negatives of each other), = {x e Bi : w{x) = {0,0}}, 
w e C°(i?i) n C^{Bi \ Zy,), and observe that in any ball contained in Bi \ Zy,, we can 
represent w uniquely as iwi for some unique positive C° function Wi. We say that 
w e W^''^{Bi) if DjW e U'{Bi), where Djw is the symmetric 2-valued function defined 
locally near a point ^ E Bi\ Z^, as ±DjWi and Djw is defined to be {0, 0} on Zyj. 
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In practice it is usually more convenient to use the equivalent definition 

1.9 DjW — \im Dj^s{w) 

(limit taken in L^), where 6 > and 75 denotes a smooth odd {'~fs{—t) = — 75(t)) increas- 
ing function on M with the properties that 75 vanishes identically in some neighborhood 
of 0, 75(t) < 1 for all t, -fsit) = t - 6 ior t > S, 75(t) = t + 6 ioi t < -5. Using 
this characterization one can easily check for example that then \w\'^ G W^'^{Bi) (as 
a single- valued function) with weak derivatives 2w ■ DjW, assuming that we adopt the 
natural convention that, near points ^ E Bi\ where we can in a unique way write 
w = ±wi with wi continuous, 

1.10 \w\^ and w ■ DjW are taken to mean and Wi ■ DjWi respectively 

on Bi \ (and = on Si n Z^). Note that if w e C^(Si) n C2(-Bi \ Z^) is sym- 
metric then the (classical or weak) derivatives DjW are in C°(Si) fl C^{Bi \ Zyj) and it 
therefore makes sense to define the second order weak derivative DiDjW by Di{Djw) in 
accordance with the above discussion with DjW in place of w. One then easily checks 
(using approximation involving 75 as above) that for example if DiDjW e C^{Bi \ Z^,) 
then D({DiwDjw) — D^Diw DjW -\- DiW D^DjW on Bi \ )Cyj, assuming that we define 
the products naturally as in 1.10 above. 

2 2-valued harmonic functions — Part I 

Given 2-valued symmetric C^(i?i,]R*^) function (p, we say that cp is harmonic if for each 
ball B„{y) <Z Bi\ K,^ there is harmonic function on B„{y) such that ip\B„{y) — 
{±ipi}; of course if it exists such a <pi is unique. 

Our first aim is to show that such symmetric functions are automatically locally W^'^ 
in Bi, with an estimate on the VT^'^ norm and the Lipschitz constant. 

2.1 Lemma. Suppose that (f is a 2-valued symmetric harmonic function on Bi (in 
the above sense). Then D'^(p e LP'{Bp{y)) (i.e. Dip e W^'^{Bp{y))) for each ball Bp{y) 
with Bp{y) C Bi, and we have the estimates 

p'-"/ |i^Vl'+ sup \D(p\^ KCp-"" [ \D^\^ 
for all such balls Bp{y). 

Proof: Since (p — {±<pi} in any ball away from /C<^, we have A|£)(/7p = 2|L>^(/7p on 
Bi \ /C^, so if 75 is a smooth non- negative convex function on R with 75 = in some 
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neighborhood of zero and 75 (t) = 1 on [6, 00) for some 6 > 0, then we have that 

on any closed ball B <Z Bi (because '^si\Dip\'^)\B has compact support in B\IC^), and so 
multiplying by a cut-off function which is identically 1 in Bp/2{y) and zero outside Bp{y), 
and integrating over Bp{y), we obtain the required W^'^ estimate by letting 610. Also 
the above inequality shows that 'ys{\D(p\'^) is a subharmonic (single-valued) function 
in Bi, and so for each ball Bp{y) C Bi we have the estimate sup^^^^f^y-^^ysHDipl'^) < 
Cp^^'' (^y)ls{\D(p\'^) and, again we can let 5 | to get the required estimate for 

2.2 Lemma. Suppose that (p is a 2-valued symmetric function on the ball Bji{y) C 
M", that if is harmonic on B^ly) \ /C^ and not identically zero on Bptiy), and that 
y G = {x : ip{x) = {0, 0}}. Then 

is an increasing function of p E {0,R), Mip{y) = limp^Q N^{y, p) > 1, and (and 
hence IC^) has empty interior. 

2.3 Remarks: (1) N^{y,p) is called the frequency function of ip, terminology intro- 
duced by Almgren |AlmOO] . The frequency function was a key tool in Almgren's study 
of energy minimizing multi-valued functions and area minimizing currents. As observed 
by Almgren, the fact that N^{y,p) is increasing is equivalent to the fact that 

Iv^p) is a convex function of t = logp. 



because (as discussed in (2) below) 



2-n 



p^i = \t{p"'^ I 1^1 

JBp{,y) ^dp\ JdBpiy) 

and hence N^{y,p) can be written alternatively 

N,{y,p) = i§^, H{y,p) = p'-[ 

H{y,p) JdB.iy) 

(2) The proof of the monotonicity of A^^ will be based on the key identities 

/ \D^\'= [ p-DrP (=\[ DM') 

JBp{y) JdBpiy) V ^JdBp{y) ' 

f (\D^\% - 2Diip ■ D^ip)D,Q = I (\D^\\p-\x - y) ■ Q - 2D,ip ■ DjifC,) 
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where (j are Lipschitz in Bp{y), where Bp{y) C Bi and where the radial derivative -DrV^^ 
is defined by p~^{x — y) ■ Dip^ for ^ = 1, . . . , fc. These identities are readily checked using 
integration by parts, which is justified by virtue of Lemma 2.1. 

(3) In view of the monotonicity in Lemma 2.2, it follows directly that N^iy) is an 
upper semicontinous function of 9? with respect to the l^^'^-norm; thus if (pj — )■ (p 
in W^''^{Bp{ii)) then Af^piy) > hm sup^-^^ A/'ip^ (y). By applying this to the functions 

ipjiyx) = ip{x + yj - y) we also have M,^{jj) > \imsnpy^^yAf^{yj). 

(4) Note also that, with H{y, p) as in (1) above, we have the following general growth 
facts related to for </? as in 2.2: 

MM < ^H'{y,p)/H{y,p) = %{y,p) < N^{y,R), p G {0,R], 
and hence by integration we have the bounds 

, pe{0,R],C^%{y,R). 




(5) Notice that (4) above (with R = 2p) and the monotonicity of N^{y,a) < N^{y,R) 
for a e (0, R] imply that C-^H{y, 2p) < H{y, p) < CH{y, 2p) for p e (0, R/2] with fixed 
C = 2^viy^R)) and so by integrating with respect to p we have 

again with fixed C = C{N^{y, R)). 

Proof of 2.2: Observe first that by the first identity in 2.3(2) we see that = on 
dBp{y) =^ (p\Bp{y) = 0, so the frequency N^{z, p) is well-defined unless = in Bp{y). 
Also, taking Q = xj — yj in the second identity of 2.3(2), we see that 

(1) f \D^\A=2p'-- ! \DMH='^P I \D,^{y + ru)\' du)- 

"P ^ JBp{y) ^ JdBp{y) ^ J S'^-^ ^ 

Notice that this can be alternatively written 

'^I^^^ = 2p I \DMy + Tu:)\'dw, 

dp Jsn-l 

with D{y,p) — l-Dy'P, and the first identity in 2.3(2) can be written 

n/ N idH{y,p) 

Assuming po G (0, i?) with iplBp^i^y) not identically zero, one can now directly check 
from these two identities that 



A 

dp 



N{y,p)^2H{y,p)-^p( I ipl I - { ! ^^X), pe{po,R), 
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and, since the right side here is non-negative by the Cauchy-Schwarz inequahty, we thus 
have the monotonicity 

(2) ^iV(t/,p)>o, pe(po,i?). 

Furthermore it then follows that 

(3) Z^p has empty interior, 

because otherwise, since </? is not identically zero by hypothesis, we could find cr, 5 > 
and balls B„{z) C B„j^^{z) C Bji{y) with |</7||So.(2;) = but sup Q^(^^^ip\Bp(z) > for 
all p e (cr, (7 + 5), and (see the discussion in Remark 2.4(1) above) since ■^N{y, p) > 
can be written ^log(p^~"/g^ </^^) > 0, where t — logp, we see that log(p-'^~"' J^^ </7^) 
is bounded below as p a (because any convex function on an open interval is bounded 
below), contradicting the fact that Jg^ cp'^ ^ as p X a. Hence we actually have 

(4) N^{y, p) is a well-defined increasing function of p for p e (0, R) 
as claimed. 

Finally, if M^{y) < 1 then we could choose po ^ (0, R) such that N^{y, po) — Cq < 1 
and then Remark 2.3(4) would give ^jH{p) > Cp^° as p 4- 0, whereas since (/? is with 
(p(0) = {0, 0} we must have ■\jH{p) < Cp as p J, 0. Thus we also have J^,p{y) > 1 for 
each y & as claimed. 

2.4 Remcirks. (1) Note that by examining the proof of the monotonicity of N^{y,p) 
in the first part of the above proof, we see that N^{y, p) can be constant in some interval 
(po,Po + s) {e > 0) if and only if we have equality in the Cauchy-Schwarz inequality 

/^n-i Is"-^ Iv'P ~ Is"~^ ^ which in turn is true if and only if (p^ is a constant 

multiple of <p for |a; — |/| G (po, po + e), which is in turn true if and only if extends to 
be a homogeneous function with respect to the variable r — \x — y\, with degree ^ — the 
constant value of N^{y,p). 

(2) In view of Remark (1) above wc sec that if (/? is a 2-vahicd symmetric function 
which is harmonic on M" \ JC^ and homogeneous of degree /3 > 1 (i.e. Lp{Xx) = A^99(a;)), 
then J\f^{z) < A/'^(0) for each z e M" and S ^ {x e Z^ : J\f^{z) = M^{0)} is a hnear 
subspace with ip o Tz = ip ior each z & S, where is the translation x ^ x + z. This 
does follow directly from Remark (1) if one keeps in mind that if we have 2; 7^ and 
the two homogeneity conditions ip{\x) = \^ip{x) and ip{\x + z) = \^{x + z) for each 
A > and each x e R", then we have, with i e R arbitrary and A > chosen so that 
A~^ - A = t, (p{x + tz) = ip{x -\z + \~'^z) = \~^(p{\x - \^z + z)^ X^ip(X~'^x -z + z) ^ 
X^ip{X-^x) = ip{x). 
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The following gap lemma will be used to establish a Liouville-type theorem for symmetric 
2- valued harmonic functions (in 2.6 below), which in turn will be the main ingredient in 
the C^'" Schauder theory of §3. 

2.5 Lemma. There is S — S{n) e (0,1) such that if ip{x) = \x\'^Lp{\x\^^x) is 2-valued 
symmetric homogeneous degree a junction with a E [1, 1 + 5) and with ip harmonic 
on M"" \ lC^p and not identically zero, then a = 1 and ip is linear (i.e. (p{x) = {±£{x)}, 
where Ik{x) — Y^^=i ^i^j /'^'^ some constants c'^, k — 1, . . . ,k). 

Proof: We can assume that (p is real-valued (i.e. k — 1) because each component (p^, is 
either identically zero or satisfies the stated hypotheses with k — 1 and (p^ in place of (p. 

The theorem is trivially true in case n = 1, so assume n>2. We first dispense with the 
case a — 1. For 5 > let 75 (t) be an odd function of t which is convex for t > 0, = in 
some neighborhood of 0, and which has 7^(t) = 1 for t > 5, and observe that '^s{Djip) 
has compact support in S'^~^ \ JC^, and hence (since Djip is harmonic and homogeneous 
degree on \ JC^) we have, interpreting products in the natural way on \ JC^ 
(Cf. 1.10), 

/ IV5— i7<5(-Cj(^)|^ < / V sn-iDjip-V sn-ijs{Djip) = - {Asn-iDjip)js{Djip) = 0, 

and hence ^s{Djp)) is {±Cj(5)} for some constant Cj{5), and so Djp) is {±Cj} for some 
constant Cj and the lemma is proved in case a — 1. 

To prove the case cr e (1,1 + 5), observe if there is no 5 as claimed, then we would have a 
sequence p)^^ of 2-valued symmetric functions, harmonic in M"\/C(^o), not identically 
zero, and homogeneous of degree Uj with aj > 1 and (Tj J, 1. Let fCj = fC^u). Assume 
without loss of generality that we have normalized cp^^ so that \\p^^^ \\l'^{Bi) = 1 for each j. 
Then by 2.1 we have local W'^''^ and Lipschitz estimates for (p^^^ and a subsequence (still 
denoted (p^^) converges locally uniformly and locally weakly in 1^^'^(R") to 2-valued 
symmetric Lipschitz W^'^ homogeneous degree 1 function (p. 

With 75 as in the first part above, using the fact that Di(p^^^ is harmonic and homoge- 
neous degree aj — 1 on M" \ ICj we have 

(1) / \Vsn-n5{Diip^'^)\'< I Vsn-^Diip^^^ -Vsr^-nsiDiip^'^) 

= (aj - l){aj + n-3)[ Diip^^^siDi^p^^) 

< {aj - 1) {aj + n-3) [ | T ^ as /c ^ 00, 

and so, by Rellich's theorem, in the limit as j — >■ 00 we conclude V sn-i^s{Di(p) — 
a.e. for each 5 > 0, so in fact Di(p is given by icj for some constant ci, . . . , c„. Modulo 
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composition with an orthogonal transformation of M" we thus have 

(p{x) = {±CqXi} for some non-zero constant Cq. 

Observe that for each a, i? > we have BRnK.jHR'^ = 0, and in fact BnnZjOW^ = 0, for 
all sufficiently large j, where = {x G M" : |a;i| > a} and Zj = {x : ip^^\x) = {0, 0}}, 
and 

(2) ^ {±co} in Djip^^^ {0, 0} in R"^ for j = 2, . . . , n. 

Observe also that if there is a constant Cj such that D2f^^^ — CjDi(f^^^ = {0, 0}@ on 
\ (hence on all of M"), then ip^^^ is invariant under composition with translations 
in the direction {—cj, 1,0) and so for n > 2 we could reduce the proof of the theorem 
from dimension n to n — 1. Therefore, since the theorem is trivially true in case n = 1, 
we can henceforth assume without loss of generality that for all j, 

(3) $Cj eR such that D2ip^^'^ - CjDi^^^^ = {0, 0} on M" \ JCj. 
Now, with ctq £ (0) ^) fixed, select a constant Cj(— ?■ 0) such that 

(4) / {D2ip^^^ - CjDi^^^^)Diip^^^ = 0, 

and define 

This is well-defined for all sufficiently large j by (3). Since ip^^'' is harmonic and homo- 
geneous of degree aj — 1 on M" \ /Cj, we can use the argument of (1), with ijj^^^ in place 
of Djip^^\ in order to conclude 

(5) / |V5n-i75(V^^''^)l' < / Vsn-iij^'^ ■ Vsn-nsii^^'^) = 

{aj - l){aj + n-3) [ ^j'^^^si'ip^^^) as j oo 

for each 5 > and hence ip^^'^ converges locally weakly in W^'"^ to the symmetric ip 
with ip{x) = {±c}) where c (constant) is not zero because Jgn-i IV'P = 1- However 
by multiplying by \\D2(p^^^ — CjDi(f^^'^\\~2(^gn~i^ in (4), taking the limit in j (keeping in 
mind (2)) we then have ccqT-L^"^ (S"'^ fl IR"^^) = 0, contradicting the fact that c and cq 
are non-zero constants. 

As a consequence of the Lemma 2.5 and Remark 2.3(1) we have the following Liouville- 
type result for 2-valued symmetric C^'"" harmonic functions: 

"^Note that _D2<y3'"'' — cDii^s'^^ is to be interpreted in the natural way on R" \ /Cj as ±(Z)2¥'i — cDiipi), where 
as usual we locally write, on R" \ ICj, ip^-'^ = ±<^i with ipi in 
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2.6 Corollary. If 6 = 6{n) is as in 2.5 and (p is a 2-valued symmetric C^'" function 
on M" with a G (0, 5), ip harmonic on M" \ lC^p and [Dip\a,w^ < oo, then (p is affine (i.e. 
±i, where i{x) is an affine function Cq + Yl]=i ^j^j)- 

Proof: We can assume cp is not identically zero. First consider the possibility that 
K.^ — 0. In this case we can write (p as ±(/?i, where each component of (pi is a single- 
valued harmonic function on which by the relevant Liouville theorem is an affine 
function. 

Thus we can assume that (p is not identically zero and e K,^, and so 

0< sup pi-n-2a-2 I < C SUp p''^'^'' ma^\(p\'^ < C[Dip]l < OO. 

pe(0,oo) JdBp \^\=P 

Thus log(p^~"'~^"~^ Jq^ p"^) is bounded above on (0, oo), and since it is a convex function 
of t = logp e M (by 2.3(1)), it must then be constant. By Remark 2.4(1) this implies 
that p is homogeneous, and by 2.5 we conclude that p is linear, contradicting e /C,^. 
Thus /C^ 7^ is impossible under the present hypotheses, and 2.6 is proved. 

3 C^'" estimates for a class of linear equations. 

Here we assume a e (0, |) and w e C^'°(Si,R'^) is a 2-valued symmetric function, 
and we continue to use the notation /C^ — {x & Bi : w{x) — {0, 0}, Du'(x) = {0,0}}. 
Observe that then \w{x)\ < Cd{xY'^°' and \Dw{x)\ < Cd{x)°' for some constant C, 
where d{x) is distance of x to /C^. 

We assume Bp{y) C Bi and w — (w^, . . . , w^) satisfies a system of the form 

3.1 i^w^ + Dj{a'^^DiWx) + h^jDjWx + c^^wx^^, « = 1,...,A; 

weakly on each ball B^{z) C Bp{y) \ /C^, where the coefficients a^x, b^-' , c'^ sue single 
valued. The main estimate is as follows: 

3.2 Lemma. Let a e (0, 5(n)) with S{ri) as in Lemma 2.5 and Corollary 2.6. There 
is Eq — eo{a,n,k) G (0, 1/2) such that the following holds for any P > 0. Suppose 3.1 
holds (weakly in Bp{y) \ K.^,) and 

Then 

p-^ sup sup \Dw\ + [Dw]a,Bp/2{y) ^Cp~^~''~''^^\\M\LHBp{y)), 

Bp/2{y) -Bp/2 (2/) 
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With C = C{n,k,(3). 

Proof of Lemma 3.2: In view of scaling and standard interpolation inequalities it 
suffices to consider the case p = I and prove 

(1) [DwU,B,,, < CWwU^^s,). 

To begin with we'll prove the formally weaker inequality that for each 6 > there is 
C = C{S, P,n)>l and 

^0 = Sq{S, /3,Ti) > such that the hypotheses of the lemma imply 

(2) [Dw] a,Bi/2 ^ ^ [Dw] a,Bi + C{\w\ o,Bi + \Dw\ o,Bi ) ■ 

If this fails then there arc fixed 6,(3 > and a sequence Wi of solutions of 3.1, with 
««A,^ (^it in place of a^^, hl\ respectively, where 

(3) \a^x,e\o,Bi < [a^x,eU,Bi + I^k/|o,Bi + |c^,^|o,Bi < 
yet 

(4) [Dwe]a,By2 > S[Dwe]a,Bi + Ce{\we\o,Bi + \Dwi\o^Bi), Q ^ oo. 

Let K-i = {x E Bi : we{x) = {0,0}, Dwe{x) = {0,0}} and select distinct points xe,yi e 
Bi/2 with \xi - yi\~°'\Dwi{xi) - Dwi{yi)\ > ^[Dwi]a,Bi/2- Observe that 

(5) Pi = \xe-yi\ 

because otherwise [Dwe]a,Bj^/2 < 2pJ°'\Dwe{xi) — Dwe{yi)\ < Aa'^'lDwelo^Bi with some 
fixed constant a > (independent of ^), hence [Dwi\a,Bi/2 < 4(7~°C^"^[Du'^]o,,Bj/2 by (4), 
a contradiction for i large enough to ensure 4(7~"C^~^ < 1. 

Then consider the possibihties: 

Case 1: " i^iVej ^e) bounded above 
\xe-ye\ 

Case 2: ^ is not bounded above, 

\xi-ye\ 

where xiy^ is the line segment joining x^ and y^. 
In either case we define 

wt{x) = aipJ^~°Wi{yi + pix), x e 5^-1/2, 

where 
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and observe that then wi is 2-valued symmetric C^'" solution of a system of the same 
form on B^-i with 

w^(0) = p7^~°cr(?w^(?/£), W(,{is') = pj'^~"crewe{xi) where ^£ = pj^{xe - yt) G 5*""^ 

If Case 1 holds there is a bounded sequence Ze with Z£ G /C^^ for each £. Thus we 
have [Dwe]a,B _i < \Dwe{C,e) — Dwe{0)\ > |, we{ze) = and Dwe{ze) = 0, so in 
particular for each x G we have, for i such that > \x\, \Dwi{x)\ = \Dwi{x) — 

Dwi{ze)\ < \x - Zi\°'[Dwi]a,B <S~'^\x-Zi\" and \wi{x)\ = \we{x) - We{zi)\ < 6-^\x - 
ze\^^°'. By the Arzela-Ascoli theorem we can thus take a subsequence such that we 
converges locally in on to a C^'"" symmetric harmonic function ip on and 
which has the properties that [Dip]a,R^ < oo and Dip is not constant. By 2.6 we conclude 
that this function must be affine if a G (0,5(n)), which contradicts the fact that D(p is 
non- const ant. 

In Case 2 we have a subsequence of i and a corresponding sequence i?£ — )■ oo with 
n {x E M" : we{x) = and Dwe{x) = 0} = and so wg gives a single- valued 
C^'" functions on Br^ with [Dm7^]q,^b^^ < 1. Let w = wi — Wi{0) — Yl]=i^jDj'^ii^) 
and \Dwe{C,e) — Dwe{0)\ > |. Evidently wg weakly satisfies the system Dj{{6ij6^x + 
(^KxiVe + pEx))DiW(,) = Dj{{a^^{yi + pgx) - a^^{yg))DiWe{0)) = 0. So since \Dwi{0)\ = 
aipJ"\Dwe{ye)\ < C^^pJ"' by (4), and pj^la^xive + Pe^) ~ «Ia(?/^)I < Ka]« < /^^ ^e see 
the We has a subsequence converging locally in on M" to a single-valued harmonic 
function ip with (/^(O) = 0,Dip{0) = 0, Dy? non-constant and [-Dv^]a < 1. But then, since 
a < 1, <y9 is linear, a contradiction. 

Thus (2) is proved, and by standard interpolation it implies 

[Dw]a,By2 < 25[Dw]a,Bi + C\\w\\l2(B^), 

with C = C{n, k, 6, and the same must hold with appropriately scaled quantities over 
and sub-ball of Bi, specifically, 

< 2Sp'+''+''/'[DwUB,iy) + C\\w\\mB,) 

for every ball Bp{y) C Bi, with C = C{n, k, 6, and, by taking 6 = 6{n) suitably small 
and using a standard covering argument (see e.g. |Sim97t p398]), this implies 

[^Ha,Bi/2 < C\\w\\l^B^) 

as claimed. 
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4 2-valued C harmonic functions — Part II 

Using 3.2 and the frequency function, we can now prove the following regularity theorem 
for 2-valued harmonic functions. 

4.1 Lemma. Suppose (p, not identically zero, is a 2-valued symmetric C^'°' function 
on Bi which is smooth harmonic on Bi \ /C,^. Then the Hausdorff dimension of IC^ is 
< n — 2, with equality if ^ 0, and Lp is of class C^'^l'^ , \p{x)\ < C\\(p\\L2(^Bi)d{xy^^'^ 
and \D(p{x)\ < C\\p\\L'2(Bi)d{xY^'^ for all x E B1/2, where d{x) = dist(x, /C<^). 

Furthermore, if p extends to all of M" as a homogeneous degree | function then, modulo 
composition with an orthogonal transformation of M", we have (p{x) = ip{re^^, 0) = 
{±Cr3/2 sin 30/2} for some constant C, where r = [xf + x'^Y''^ . 

Proof of Lemma 4.1: As in the proof of 2.5, we can assume that /c = 1, so that (f is 
real-valued symmetric. 

In view of the C^'"' estimates and Remark 2.3(4) we have 

(1) Ar^(l/)>l + a 
for each y G /C^. 

We are going to use a dimension reduction argument based on the monotonicity of 
the frequency N^{y,p) analogous to the procedure in [AlmOO] . To prove dimension 
K-ifi < n — 2 we suppose the contrary, that there is s > n — 2 with (/C<^ H > 0. Let 
fig be the outer measure defined on subsets of by = inf J2'jLi Pp where the inf is 

taken over countable unions of balls ^jZi Bp^iyj) such that A C ^JLi ^pjiVj)- Note that 
T-L'^ (A) > if and only if /i^ (A) > 0. Thus fig H Bi) > 0, and hence there is a point 
z G K,^ n Bi such that the upper density 9*^ (/C<^, z) = limsup^j^o P''^ pij^ip l~l Bp{z)) > 0, 
so that there exists a sequence of positive numbers (jj \. such that 

(2) lim a->,(/C^n5,^.(z)) >0 

Set Pj{x) = {o'~"'^'^\\(p\\l2{b^^(z)))^^p{z + cTjx) for x G -Bo--i(i_|2|)- In view of (2) we have 

(3) liminf/i,(/C^, nfii) > 

By virtue of the C^'" estimates of 3.2, and the Remarks 2. 3(4), (5) and 2.4(1) we also 
have that a subsequence converges locally in on to a 2-valued symmetric 
C^'"niy^'^ function ip which is homogeneous of some degree > 1 (in fact > l + a) on M", 
||^IU2(Bi) = 1, harmonic on Bi \ K,^, G /C^ and J\f^{0) = M^^z). Also fis{)^ii H-Bi) > 
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limsupj,^^ fis{JCip., r]Bi){> by (3)), because if 5 > we can choose Bp^^yi) with 
JC^nBi C UgBp^{yg) and J^ePi < Ais(A^v'~'-^i)+^' since the convergence is C\ we see 
that )C^^, nBi C UiBp^{yi) for all sufficiently large j' and hence jigij^tp ni?i) > HsiK^ip^, H 
— (5 for all sufficiently large j', whence iis{K,^ ni?i) > limsup^/^oo A'-sl^Vj/ '"'-^i) > 
as claimed. 

Thus we can repeat the argument with ip in place of ip and with new base point z G /C^ \ 
{0} as origin, and this gives us a homogeneous harmonic ipi^ not identically zero, but still 
with yUs(/C^J > and with G /C^^ and ipi invariant under composition with translations 
in the direction of \z (A G M). Since s > n — 2 we can repeat this process a further 
n — 2 times to give finally a homogeneous C^'" harmonic ipn-i, not identically zero and 
such that there is an (n — l)-dimensional subspace L C /C^/)„_i with ipn~i invariant under 
composition with translations in the direction of vectors in L. However then, assuming 
without loss of generality that L = x {0}, we have ip^-iixi, . . . ,Xn) = f{xn) 

(independent of Xi, . . . ,Xn-i) with / a 2- valued homogeneous symmetric function, 
harmonic on M \ {0}, not identically zero, and /(O) = /'(O) = {0,0}. Clearly no such 
function / exists so we have a contradiction. Hence /C^ is of Hausdorff dimension < n — 2 
as claimed. 

Now suppose y G B^p. Then IC^ fl Bp{y) has positive {n — 2)-dimensional Hausdorff 
measure for each p G (0, 1 — because otherwise (see the appendix) Bp{y) \ ICip would 
be simply connected for some p G (0, 1 — \y\) and we could write ip\Bp{y) = {±ipi}, 
where Lpi is a single- valued harmonic function on Bp{y), contradicting the fact that 
y & B^p. Thus we can repeat the above dimension reducing argument with s = n — 2 
and starting at points z arbitrarily close to y, obtaining, after a total of n — 2 steps and 
modulo a composition with an orthogonal transformation of R", a homogeneous 2-valued 
symmetric C-*-'" harmonic function ■0, with ||'?/'||l2(5j) = 1, G /C^, M^p{z) > A/'^(0), 
homogeneous of degree m > 1 and invariant under composition with any translation 
in the direction of any vector in {0} x R""^, so that t/j is a, function of just the first 
2- variables xi — rcos9,X2 — rsinO. Then (modulo composition with a rotation of 
R^) we must be able to write t/j — {±Cr"*/^ cos m^/2} with m an integer > 3, and 
hence M^{z) > A/'^(0) > 3/2. Since we can repeat this argument at a sequence of 
points z G /C<^ with 2; — > y, we conclude by the upper semicontinuity 2.3(3) of Af^ 
that M^{y) > 3/2. Of course at points y e JC^ \ B^ we must have N'ipiy) > 2 > 3/2. 
Thus in any case M^{y) > 3/2 for y G /C<^ and hence by Remark 2.3(4) and standard 
estimates for single- valued harmonic functions (in balls Bp{z) with Bp{z) n /C<^ = 0) we 
have \(p\ < C||</?||i2(B^)d^/^ and \D(p\ < C||</7||i2(B^)d^/^ on -B1/2, as claimed. 
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Of course if ip is homogeneous of degree 3/2 on M" to begin with, then G (oth- 
erwise if would be ± a single valued harmonic function, which of course would have 
integer homogeneity), the first step of the above dimension reducing argument would 
not be needed, and, by Remarks 2. 4(1), (2), 93 itself would be invariant under composi- 
tion with translations by vectors in some {n — 2)-dimensional subspace; that is, modulo 
composition with a rotation of coordinates, we would have ip{xi,X2-iy) = (p{re^^,0) — 
{±Cr^/^ sin 3^/2} for some constant C, as claimed. 

We next estabhsh a gap lemma analogous to 2.5 for orders of homogeneity e (|, | -|- 5). 

4.2 Lemma. There is 6 = 6{n) G (0,1) such that if ip{x) = {xl'^ipdxl'^x) is 2-valued 
symmetric locally C^'" homogeneous degree a function with cr G (|, | -|- (5) and with ip 
harmonic on \ K,^, then ip = {0, 0} on R". 

Proof: Again, as in the proof of 2.5. we can assume that k = 1, so that </? is real- valued 
symmetric. The proof in this case is similar to Lemma 2.5, but not quite as simple. If 
the result is false, we would have a sequence ipi of 2-valued symmetric C^'" functions 
(p^ harmonic on M" \ /C,^^, pi not identically zero, and homogeneous of degree o"^, where 
I < (T£ 4- §• Assume that (p^ is normalized so that ||v5^||l2(Bi) = 1- Then, by 3.2, 
</9£ — )■ 99 in C^, where ip is C^'" and homogeneous of degree 3/2, and, by 4.1, modulo an 
orthogonal change of independent variables and a rescaling we have ip{x) = ip{re^^ , 0) = 
{±r'^/^ sin36'/2}, assuming x = (re*^,X3, . . . ,Xn) G x M""^ and r = {xl+xlY^^. Take 
/C, = {x G M'^ : \p,{x)\ = 0, \Dipe{x)\ = 0}. 

Next let ipij = DjPi, j — 1, 2, 3, on M" \ /C^. Direct computation shows that ipi^i — >■ 
{±cr^/^ sin 6'/2} and (/?£_2 ^ —{±cr^/^ cos ^/2} (for suitable c — c{n) > 0). 

Now choose Q, to ensure (p^^s — Cj^(pi^i — d^(/?^,2 is orthogonal to span{(/7^ 1, (/7£ 2} on 
S""-^ n X— i.e. (Cf. (4) in the proof of Lemma 2.5) 

(1) / {<Pi,3 - cm,i - dm,2)<pt,j = 0, j = 1, 2, 

where K = {{xi,X2,y) G x R"~^ : < and notice that we can assume that 

'^£,3 — cePi^i — depi^2 are not identically zero on R" — otherwise the directional derivative 
of (pi in the direction rj£ = (— q, — d^, 1, 0) would be zero on R", and this would imply 
that pi is cyhndrical in the direction rj^, which for n > 2 would enable us to reduce the 
dimension n in the statement of the lemma (from n to n— 1) ; and so in fact, since the only 
homogeneous harmonic functions on R are the linear functions which are homogeneous 
of degree 1, we can assume without loss of generality that this does not happen. So we 
can define ipe = \\(fe,3 - ce(pe,i - di(pe,2\\l^s^-i^i^e,3 - Q</?^,i - di(pe,2)- 
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For 5 > let '~fs{t) = sgn(t) max{|t| — 6,0} and observe that then 'ysi'ipe) has compact 
support in S"^^\ICe, and hence (since ipe is harmonic and homogeneous degree cx^ — 1) we 
have fgn-iV sr^-^i^i-'V sr^-ijsi'ipe) = (a^-l)(o-^ + n-3) fgr^-i i^asii^e)- Thus letting 5 | 
we obtain the identity Jg„-i iVsn-i'^^p = (cr^ — l)(cr£+n— 3) Jgn-iipi = (cr^ — l)(cr£+n— 3) 
for each £ = 1,2, . . ., and in particular we have a uniform bound on the L^-norm of 
V s^-^i^i and so by ReUich's theorem in the hmit a& I ^ oo this gives us 2-valued 
symmetric homogeneous degree |, harmonic ^ in Wl^l{W \ ({0} x W'^)), and (by 
lower semicontinuity of the norm with respect to weak convergence) 

(2) / |VV^|^<i(n-|)/ V'^^Kn-l). 

Since ■?/'(r, 6, y) is locally the C° limit of '?/^£(r, 6', y), each of which can be viewed for each 
fixed r,y with r > and + = 1 as a 47r-periodic single valued function of ^, so 
tp{r,9,y) can also be viewed as a smooth 47r-periodic single valued function of 6 (with 
iplr, 9 + 271, y) = —ijj{r, 9, y) by the symmetry), and we see that (1) above ensures that 

(3) is orthogonal to r^/^ cos^/2, r^/^ sin^/2 {9 e [0, A-k]) in L^iS""-^ n K) 

(and the statement (3) makes sense). Defining ■00 = r'^^'^ip, then ■^o is 2-valued sym- 
metric homogeneous of degree zero on R" \ ({0} x ]R"~^) and, with V = gradient on 

/ jV^r=/ jV(rVVo)r 

= / (riVV'ol' + + iV(r) • V(V^o')) 

= [ _ (rlW^or + K'lVrrV'o'-l^oA^-ir), 

J gn 1 

and since A^n-ir = ^ — (n — l)r and | Vrp — 1 — r^, this implies 

(4) /^^_jV^r = +(!(-- - \r-yi)- 

Since ^00 is homogeneous of degree zero we have, writing points in R" as {x,y) — (re*^, y) 
with r > and y e R"-^ jWoP = PV'oP = ^"'(iV'o)' + (fV'o)' + I^.V'oP on 
({0} X K"-2), and so 

/.-/|v^«i^^L/-'(^)' 

with equality if and only if ^00 is cylindrical in the sense that ^00 is independent of the 
variables r, y — i.e., equality holds in (5) if and only if ^00 is a function of 9 alone. On the 
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other hand we have the general fact (using Fourier series for /, /') that W\^)Y — 
i lo^ /^(^) for any Lipschitz 47r-periodic function / with f(9 + 27r) = —f{0) (so that 
/ defines a 2- valued symmetric function on S^), and equality holds if and only if f{6) 
has the form acos6'/2 + 6sin6'/2 for some constants a,b, and so we deduce from (5) that 

(6) / r|VV'or>i/ r-Vo', 

with equality if and only if ipo = {±(a cos ^/2 + b sin ^/2)} for some constants a, b. Thus 
finally by (4), (6) 

with equality if and only if -(/^ = ±r-'^/^(a cos^^/2 + 6sin^^/2) for some constants a, 6. 
However by (2) we do have equality, and hence ^(r,9,y) has the form r^^'^(acos9/2 + 
6sin6'/2) (6* G [0,47r]) for some constants a,b, which contradicts (3). 



5 Regularity for Ua = + 1*2) and v — — 1*2), Part I 

First we observe that the 2-valued symmetric C^'"(Si) function v — {±|(wi — 1^2)} is 
just {u — \uai lia}) (so we Can write u — {wi, 1*2} = lia + f = {i^ai K^^i — 1*2)}) and v and 
Dv vanish to orders 1 + a and a respectively on /C^ = {x : ui{x) — U2{x) and Dui{x) — 
Du2{x)}; thus for each 9 e (0, 1) 

5.1 \v{x)\<Cd{xy+'', \Dv{x)\<Cd{x)'', xeBe 

for some constant C = C{9), where, here and subsequently, d{x) = dist(x, /Ct,). 

Before we begin the proof of the main estimates we need some general remarks about 
the nature of the equations governing u = {ui,U2}- 

First, near points of Bi \ JCu we can represent u as an ordered pair {ui,U2) with each 
U£ — {u}, a smooth M^- valued solution of the minimal surface system. Thus 

5-2 Elj=MG''{Due)Dju^,) = 0, k = 1, . . . ,k, £ = 1,2, 

on Bi \ /C„, where 

G'^ip) = VMg'^iP), with {g'^ip)) = {gMr\ 

9ij{p) = ^ij + ELiP?P," and g{p) = det(^,,(p)), p = (pf) e R" ® 
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We also recall that the fact that the mean curvature of graph u is zero in [Bi \ K,y) x M*^ 
implies the identities 

5.3 Er=iA(G'^^P^^))=0, j = l,...,n,£ = l,2 

on Bi \ /C„, so 5.2 can also be written in non-divergence form 
5-4 Y.lj=iG''{Due)DiDju^^ =0, k = 1, . . . ,k, i = 1,2, 

on Bi \ /C„. 

We want to write these equations on Bi \ /C„ in more readily usable form, in terms of 

Ua^l{ui+U2), V ^ {±^{ui - U2)} 

(note that is then single-valued and v is 2-valued symmetric) and the functions 



5.5 



Observe that A^^E^^^ are real-analytic functions of p,q G M" ® and (using the 
definitions and the symmetry G^^ip) = G'^^{—p)) we have the symmetries 

^ g A'^ip, q) = A'\p, -q) = A'^i-p, q) = A'^{-p, -q) 

Efip, q) = Ef{p, -q) = -Ef{-p, q), 

and in particular 

5.7 Ef{0, q)^0 and DgA'^{p, 0) = 0, 
whence we can write 

K=l h=l 

for suitable real-analytic with the symmetries 

5.8 (p, q) = (p, -g) = (-P, 

Notice that ^^^■'^ arises naturally from the calculus identity 

/I 1 k n 

-1 A=i e=i 
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In view of the evenness of A^^{p, q), E^-^^{p, q), E^^^^{p, q) with respect to q we see that 

A'^{Dua.Dv), EfiDu,,Dv), E'^,'\Du,, Dv) 
are actually single- valued (rather than 2- valued) and 5.3 implies 



5.3' 



D,{A'^{Dua,Dv))=0 
D,{Ef{Dua,Dv)DiV^) = {0,0} 



on Bi \ ICu- Also by first taking the difference of the two equations in 5.2 and writing 
Ui — Ua-\- \ {ui — U'i) and U2 — Ua — \{ui — U2) we obtain 

5.9 A ( (g'^ {Dua + Dv) + G'^ {Dua - Dv)^Djv''^ 

+ Di ( (g'^ {Dua + Dv) - G'^ {Dua - Dv))D,ui) = {0, 0} 

and, by taking the sum, 

5.9' Di ( (g'' {Dua + Dv) + G'^ {Dua - Dv)^DjU^^ 

+ A ( (g'^ {Dua + Dv) - G'^ {Dua - Dv)^Djv''^ = 

on Bi \ In terms of the single- valued functions A^^{Dua, Dv), E^-^^{Dua, Dv), these 
equations can be written 

5.10 Di(^A'^{Dua, Dv)DjV^ + Ef{Dua, Dv)DfV^DjU^^ = {0, 0} 

5.11 A (^A'^iDua, Dv)Dju1 + Ef{Dua, Dv)Dev^Djv''^ = 

on i?i \ /C„ for K = 1, . . . , k. In view of 5.3' these can also be written in non- divergence 
form as 

5.10' A'^(Dua, Dv)DiDjv'' + Ef{Dua, Dv)DiV^DiDju'^ = {0, 0} 

5.11' A'^(Dua, Dv)DiDjul + Ef{Dua, Dv)Dev^DiDjv'' = 

5.12 Remcirk: We shall use the fact that 5.11 actually holds in the weak sense on all 
of Bi (i.e. across /C„ also.) To see this, note that the first variation formula 1.2 for the 
stationary varifold G = graphs can be written VjC dT-T' — for any i — 1, . . . ,n + k 
and any smooth ( with compact support in Bi x M'^, where VC = (ViC, ■ ■ ■ , Vn+fcC) — 
Px{DQ, where Px is orthogonal projection onto the tangent space of G at {x,u{x)). 
Since G is bounded we can of course take C to be a G^{Bi) function (i.e. ( can be taken 
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independent of the variables Xn+i, • • • , Xn+k), in which case for i = 1, . . . ,n the above 
formula can be written 

/ Er=i«P^i) + <P^2))AC = o, CeCliB^), 

where uf^Duii) = XlJ=i in 5.2, so indeed this identity is exactly the 

weak form, over all of Bi, of 5.11. 

With these facts at our disposal we can prove some initial rough C^'^~^ estimates for Ua 
, i_ 

and C '2 ^ estimates for v: 

5.13 Lemma. There issoin) such that if 1.6 holds withsQ < eo{n) and ifua = |('Ui+'U2) 
and V = {±j{ui — U2)}, then for each s > there is C = C{n, e) with 

sup d{x)''2+^\Dv{x)\ < Ceo, 

sup \x - y\~^^^\Dua{x) - Dua{y)\ < Csq, sup d{xy\D^Ua{x)\ < CEq. 

Remark: We ultimately show that the above inequalities are valid with e = but we 
need the above lemma in the course of the proof of this. 

Proof of Lemma 5.13: We can assume i?i/2 fl /C„ 7^ 0, otherwise we use standard 
quasilinear elliptic theory (for single- valued solutions) to give the claimed estimates over 
Bi/2. We claim that for each £ > there is po = pois) G (0, |) such that y G B1/2 H /C^ 
and p < Po ^ (p/2)~"^^||'y|U2(Bp/2(3/)) < '^~^^^'^^P~'^^^\\v\\L'2(Bp(y))- Otherwise there would 
be sequences y^ G S1/2 fl /C„ and peiO such that 

{pe/2)--/'\\v\\LHB,^Mye)) > '^-"^"^'Pr^'MLHB^^im)) 

for all £. After a translation and rescahng transforming Bp^{y() to Bi{= -Bi(O)) and 
v{x) to vi,{x) — P^^v{ye + pex) (where Pi — p^ ^^^\\v\\L2(Bp^{y£))), we can use Lemma 3.2 
(the local Schauder estimates) to first show that ve converges in C^'^, for each /3 < a, 
locally in Bi to give a C^'° symmetric 2-valued harmonic function (f with G fC^p, 
||</'||l2(Bi) < 1 and 2"/^||</7||i2(B^^2) ^ 2"^/^+^. However by Lemma 4.1 we know that 
J^<p{0) > 3/2 and then by Remark 2.3(4) we have 2"/2||(^||^2^g^^^^ < 2-^/2 a contradic- 
tion. So as claimed we have (p/2)~"'/^||v||l2(b^^2(2/)) ^ 2 11^,2(^^(2,)) for each 
P < Po, and by iteration (taking p — 2~^po, j — 1,2,...,) we conclude that we have 
the uniform decay ^^PyeBi/2niCu,p<po P~^^^^^~^^^\\'^\\L'^{Bp{y)) < 00, and then the claimed 

estimate d{x)'"^'^^\Dv{x)\ < 00 by using elliptic estimates for (as ± a single valued 
solution in balls which do not intersect /C^). 
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Note that the above estimates for v guarantee in particular that 

(1) < /3, ye B,/^ n /C„, p e (0, |) 

for some constant /3. 

The argument giving the estimates for Ua is similar, although since Ua is single-valued 
we can use the standard C^'" theory rather than the C^'" estimates of Lemma 3.2. In 
fact for each y e and = 1, . . . , /c let 

f/;(x) = -{x-y)- Du:{y) - 

so that Uy{y) — and DUy{y) — and 5.3', 5.12 and (1) imply 
(2) 

D,{A^WjU^) = DjFj on By^, p-'^^'[Fj]i_^^^^^^^ <CP, ye By^ n /C„, p e (0, i), 
where /3 is as in (1), and so the standard C^'" Schauder theory implies 
(3) 

<C/3 + Cp-"/2-it/,|U2(B,(,)),yei?i/2n/C„,pe (0,|), C = C{e). 

We claim there are po — Po{u) G (0, |) and Aq = Ao(w) > 2 such that 
(4) 

{p/2)-''/^-^\\Uy\\L2^B,/,{y)) < max{p-"/2-i||C/j,||i2(s,(j,)),Ao^}, y G Si/2n/C„,p e (0,po)- 



If this fails then there are sequences pe 10, X^^ 00 and y^ e -B1/2 H /C^ with 
(5) max{p7"/^"^||[/j/J|i2(B^^(2^^)),A£^} < {pe/'2y^'^-^\\Uy^\\L2(Bp^^,(y,)) 



and by (3) 



1 



for each 9 e (0, 1). In particular (5) imphes 

/3 < K^ipef^y^^'^WUy.WL^Bp^/^iye)) 

Defining W£{x) = Pe^'^\\Uy^\\]^2(^Q^ {yi))Uyi{ye~^Pe^) ^^r x & Bi,we then have a subsequence 
of We which converges locally in Bi with respect to the C^''^ norm for each 7 < ^ — £ 
to a harmonic function (p with (p{0) — 0, D(p{0) — 0, ||<^||l2(Si) < 1, 2"/^+^||<^||^2(5^^2) ^ 
1 which is clearly impossible (because, by the estimates of 2.3(4) with A/',^(0) > 2, 
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||</^||l2(_Bi) > p ^||v'||l2(Bp) for every p < 1 in case Lp is single- valued harmonic on Bi 
with (^(0) = and i^<^(0) = 0). Thus (4) is established, and can be written 

max{(p/2)--/2-lC/,|U.(5^/,(,)),Ao/3} 

< max{p-"/2^^||;7j/||2.2(Bp(y)), Ao/3}, y e 5i/2 n/C„,p e (0,po)- 

By an iteration similar to that used for v, we thus have 

sup P""/^"it/j/||L2(Bp(j/)) < OO. 

2/eSi/2n/Cu,pe(o,po) 
Then by (3) we have the estimate 

sup p~2+'^[Dua]i_ p. t .<oo 

which evidently implies 

sup \x -y\~'^^^\Dua{x) - Dua{y)\ < OO, 

2/eBi/2n/Cu,a;gBi/2 

and by using the non-divergence form 5.11' on balls Bp{x) C i?i \/C„ where x e i?i/2 \/Cu 
and p < min{po, d{x)/2} we get the remaining estimate d{xY\D'^Ua\ < C as claimed. 

5.14 Lemma. D'^Ua G U'{Bp{y)) for each 1 < p < oo and D'^v e L'^{Bp{y)) for each ball 
Bp{y) withBp{y) C B^, and, for each 9 e (0,1), \\D'^Ua\\L'^{Bep{y)) < Cp-'^\\ua\\L^Bp(y)) 
and \\D^v\\L^Be,{y)) < Cp-^v\\L2^B,{y))- 

Proof of Lemma 5.14: 5.10 and the second identity in 5.3' implies 

Y^D,{A'^{Dua,Dv)Djv'') = - Y,Ef{Dua,Dv)D,v''DiDjul, 

and by using 5.13 to bound the right side, we see that this can be written 

Di{A'\Dua, Dv)Djv^) = /^ in < Ceo. 

With C e C^{Bp{y)), we multiply this equation by Di{'ys{Div'^)('^), where ^sit) = 
sign(i) max{|i| — 5,0}, and we integrate over Bp{y). Integrating by parts twice on the 
left then gives the identity 

/ D,{A'^{Dua,Dv)Djv'')Di{^s{Dtv^)C,^) ^ [ f^De{^s{Dev^)C) 

JBp{y) JBpiy) 
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In view of 5.13 and 5.7 we see that 

\Di[A'^(Dua,Dv)]\\Dv\ < (\DpA(Dua,Dv)\\D''u,\ + \D,A{Dua, Dv)\\D\\)\Dv\ 

< C{\Du\\D\a\ + \Dv\\Dh\)\Dv\ < Ceq, 

so this identity can be written 

/ A'^iDua,Dv)DeD,v^D,{-fsiD,v^)C')= [ {r6u + g^)D,{^s{D,v^)C) 

with 

1^1 < Ceo. 

Choosing C as a standard cut-off function in the ball Bp{y) with = 1 in Bp/2{y), and 
using the Cauchy-Schwarz inequality on the right, we conclude 

J Bp/2{y)n{\Dev'^\>S} 

with C independent of S. Letting S I and summing over i, k we thus obtain D^v e 

L2(S,/2(|/)) With p-^'/^\\DML2^B,,,iy)) < C p'^So. 

In view of Remark 5.12 we can now use a standard quasilinear elliptic difference quotient 
argument on the equation 5.11 to establish that D'^Ua G Lf^^{Bi). 

To prove that D'^Ua G L\^^{Bi) for p > 2 we first observe that, since D'^Ua, D'^v G L^^^^Bi) 
by the above discussion, 5.3 now holds globally on Bi both pointwisc a.c. and in the 
weak send, and so, by virtue of Remark 5.12, 5.11' holds a.e. on Bi and can be written 

2 2 2 

J2^'^DiDjui = F'', IF'^I < C\Dv\\D\\ = C\D\\p {\Dv\\D\\^'p) < C\D\\p 

2 

by virtue of 5.13. Since \D'^v\p G L^^^{Bi) (because \D'^Ua\ G L'{^^{Bi)) we can then 
use the standard interior Calderon-Zygmund estimates to prove D'^Ua G L^^^{Bi) as 
claimed. 



6 Some Growth Results for a Class of Linear Equations 

Here we consider C^'"(i?i, M^) fl M'^) functions w = (w^ , . . . , w'') which are 

either single-valued or 2-valued symmetric, and we suppose w is a solution of a linear 
equation 

6.1 Dj{(/^^{x)DiW^) ^0 on Bi\]C^, K^l,...,k, 
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where /C^ = {x : w{x) = and Dw{x) = 0} in the single-valued case and /C^ = {x : 
= {0,0} and Dw{x) = {0,0}} in the 2-valued case; of course in the 2-valued case 
we as usual take 6.1 to mean that we can locally, near each point of Bi \ /C^ write 
w = ±wi with wi a C^'" weak solution of the equation. We also assume 

6.2 «;^ = M«A + e> ^IM = 0, </3, 

and w G W'^''^{Bi), with the estimates 

6-3 \\D^w\\l'2(Bp^2) < /3p"1w||l2(b^), p e (0, 1), 

where /3 > 0, a G (0, 1) in the single-valued case, and a G (0, 6) with 6 = 6{n) as in 3.2 
in the 2-valued case. 

Observe that, subject only to 6.1, 6.2 and the assumption w G M^), the Schauder 

estimates in Lemma 3.2 are applicable to give 

6.4 p°[L)w]«,B3^/^ + sup \Dw\+p-^ sup \w\ < C{p'^-'' j \w\'^f''^ 

for p < Pq, where po = Po(^? k, (3) G (0, 1) is suitably small. 

Now, for the moment, assume |w(0)| = 0, let p G (0, 1),6 G (0, 1/2) and that A is the 
mean value of \w\'^ on Bgp (so that A = \B0p\"^ J^^ I^P)- Then the appropriate version 
of the Poincare inequality ( |GT83t §7.8]) on Bp implies 

/ — A|<7p/ |Z^|t(7|^|, 7 = 7(n,6'), 

J Bp J Bp 

whence 

|2| 



/ |wp < A|Ep| +7P /" \D\w\ 

J Bn 'J Bn 



'Bp 'J Bp 

and on the other hand A = |wp(?/) for some y G Bgp and |wp(0) = 0, so by 1-variable 
calculus we have A < 6'psup^^^ < 26'psup^^^(|i^w||w|) and hence by 6.4 



/ \w\^<Ce( \w\^ + -fpf \D\w\^\, C = C{n,k,P), 

<^ Bp Bp -J Bp 

hence by choosing Q = (2C)^^ and using Cauchy-Schwarz we get 
6.5 / \w\^<Cp^f \Dw\^, C = C{n,k,/3), 

J Bp J Bp 

provided 6.1, 6.2 hold and |w(0)| = 0. 
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We next show that a "doubhng condition" for w is sufficient to estabUsh a suitable 
monotonicity and bounds for the frequency function N^{p) of w, which is the function 
of p e (0, 1) defined by 

6.6 Lemma. If w & C^'°'{Bi), if the hypotheses 6.1, 6.2, 6.3 hold, if e JC^, and if 
there is 7 > 1 and a e (0, 1/2] such that 

||w||p < 7||w||p/2 Vpe(0, cr], where \\w\\p = w^j , 

then 

f w^<C'y^f Vpe(0,(T], C = C{n), 

J Bp 

and 

^[e^"" N^{p)) > Vpe(0,(7], where A{n,a,/3,-f). 

Furthermore, for each sequence pj l there is a subsequence pji such that 
pj/^ I I'M; 1 1 ^2^^^ )W{pjix) — )■ ^{x) in locally on M", where ip is a homogeneous harmonic 
2-valued symmetric C^'" in the two-valued case, and smooth harmonic in the single- 
valued case, and 

e^P^N^ip) > 7\A^(0) = J\f^{0) > 3/2 Vp e (0, a] m the 2-valued case, 

hence \\w\\p < C\\w\\^{p/ af^"^ for p G (0, a] 

e^''" Nyj{p) > A/'u,(0) = A^,^(0) > 2 Vp e (0, cr] m the single-valued case, 

hence ||w||p < C||'u;||o-(p/c'")^ for p e (0, cr], 

where C — C{n, a, (3, 7). 

Remark: Note that A, C do not depend on a in the above lemma. 
Proof of Lemma 6.6: First observe that by integrating the inequality 

(1) / ^i;2<2"-V/ Vpe(0,a] 

JdBp JdBp/2 

with respect to p we conclude immediately that 



(2) f w"^ < I for all p e (0, a\ 

Bp Bp/2 

as claimed. Define A^^ as above, i.e. 

p2-"L \Dw\^ 
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Since w DjW'^ and DiW DjW'^ are single valued W ' functions on Bi with Di(w DjW'^) = 
{DfW^)DjW'^ + w^D^DjW^ and De{DiW^DjW'') = {DeDiW^)DjW^ + DiW^DeDjw'^ a.e. 
on Bi, and since we can use the weak form of 6.1 to check that {Aw'^)w'^( = 
- J^_^b^,w^De{w^() and J^^{Aw-)w^Q = - j^U^^w^D.^w^Q) for CO ^ Cl{B,), it 
is straightforward to check the two identities 



(4) 

and 

(5) 



JBi JBi 



{\Dw^\'5,, - 2«;>;) AO = 2 / If^.wfiw^DeQ + A<0) 



for any Lipschitz functions CiCii ■ ■ ■ iCn with compact support in Si, where — DiW^ 
and repeated indices indicate summation as usual. Notice that the second identity is 
checked directly by integrating by parts in the expression on the left, using the fact that 
D^w e and Dj{aJ^Dew^) = a.e. on Bi. Using 6.2 to give < pp"" in each 
of these identities, and letting ( approximate the indicator function of Bp in the first 
identity and letting Q approximate Xi times in the indicator function of Bp in the second 
identity, we obtain the two key inequalities 



(6) 



and 



(7) 



/■ \Dwf- [ 

JBn JdBp 



WWr 



<Cp'^j \Dw\ 

Bo 



JdBp 



\w\\Dw\ 



w\ 



{n-2)[ \Dw\'^-pf \Dw\^ + 2p( wl 

J Bp JdBp JdBp 

<Cp''f \Dw\^ + C p''^^ j \Dw\^ + C p'^^^ I \Dw\\D'' 

J Bp J OBp J Bp 

Next we observe that by direct computation we have, weakly in Bi, 



A\w\' = 2\Dw\' + 2l^^^w} - 2i5,(6> V). 

Integrating this over Bp and using the identity Af = /gg /) with / = 

Iwp, we then conclude 



\w\ 



dBo 



) = 2 / {\Dw\' + 6>>,^) - 2p-i / a;^6>>\ 

J Bo J dBo 



hence 



^ JdBp JdBp J Bo JdBp 
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which by 6.2 evidently imphes, for p < po{n, k,(3), 

j-pf \w\^>-Cp'^f \w\\Dw\. 
By integrating this with respect to p we obtain 

/ kl^ < / \w\^ + Cp'^i Iwll^wl, T<p<po, 

JdBr JdBp 

where po ^ (0, 1) depends only on n, /3 and k. Integration with respect to r e (0, p) then 
shows 

(9) / \w\^<pl |w|^ + Cp°^+M \w\\Dwl p<po. 

JBp JdBp Jbp 

We can also use (8) and the estimates 6.4 to give the upper bound 

(/ |w|2)<Cp-2 / \w\\ T<p/2, p<l, 



A. 



which integrates to give 

(10) / \w\^ <Cp-^ [ \w\^, p< 1/2. 

JdBp Jb2p 



Thus if we have 

(11) ll^^llp < 7lhllp/2 pe(o,(7] 

then by 6.4, (8) and (9) we have 

(12) / {p^\Dw\'^ + \w\^) + p [ p^lDwl^ < Cmin{p/ \w\^, [ \w\^}, pe{0,a], 

J Bp JdBp JdBp JBp 

and, by (10), (11), 6.4 and 6.5 

(13) / < Cmin{p/" \Dw\^,p-^j \w\^} 

J OBp J Bp J Bp 

for each p e (0, cr]. Now let 

p(p) = /-" / \Dw\', nip) = p'- I w\ 



and observe that 1-L{p) never vanishes for p e (0, cr] by virtue of (11) and (12), so we can 
define 

N{p)^v{p)/n{p), 



30 



L. Simon & N. Wickramasekera 



and note that by (12) and (13) we have 

(14) C-^<N{p)<C, pe(0,a]. 

Also by (7), (12) and 6.3 we have 
(15) 

\{n - 2) f \Dw\^ - ( \Dwf + 2[ < Cp" min{p / \wf,f \wf,p'^f\Dw\'^} 

JBp JdBp JdBp JdBp J Bp J Bp 

for every p e (0, u], assuming (11), which implies 

(16) V'{p)>2[ -Cp"min{p/ / \w\^,p^l \Dw\^] Vpe(0,c7], 

JdBp JdBp JBp JBp 

Also, by virtue of (6) we have 

(17) -Wip) = 2p^-" / wwr = p-^V{p) + E, with \E\ < / {p-^\w\'^+\Dw\^) 

JdBp J Bp 

Now 

^ V'{p)'H{p)-'H'{p)V{p) 
-DipWp) 

and using (15), (16) and (17) we then get 

, ^ 2'H{p)J,^wf-2mp))^-Cp-^'H\p) n^-^V?{p) 
^ Wm -^VipMp)^ 

where we used n{p) Jg^^w^ - {U'f = P''~^'"UoBp'>^^ IdBp'>^r - (/^s.^^r)') > by 
Cauchy-Schwarz. Finally in view of (14) we thus have 



N'ip) > -Cp"-'N{p), 



which can be written 



(18) ^{exp{a-'Cp^)N{p))>Q 



as claimed. 



Now take a sequence pj \. and let Wj{x) = \jw{pjx) with Xj chosen to ensure 
that II^Uj ||i2(^j) = 1 for each j. By virtue of the estimates 6.4 and (2) we have 
|^j|ci'«(Bfl) ^ C{R,n,'y) for all i? > and sufficiently large j depending on R, so a 
subsequence Wj/ converges locally in R" in to a symmetric 2-valued C^'" function (p 
and (f is evidently harmonic. Furthermore Nyj.,{p) — >■ N^{p) for each fixed p, whereas 
by the monotonicity (18) we have Nyj.,[p) — >■ limo-^^o A^i«(c") = A/'m,(0), independent of 
p. So N^{p) = J\fw{0) and hence cp is homogeneous by 2.4(1), and by 4.1 the order of 
homogeneity is > 3/2, so A/'^(0) > 3/2 as claimed. 
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The rest of the proof, deahng with the single valued case, is similar. 
Next we prove a growth lemma for w: 

6.7 Lemma. If a E (0,6), 6 = 6{n) as in 3.2, there is po = Po{n,k,a, (3) G (0, 1/2] and 
C = C{n,a,l5) and 7 = ■j{n,k,a, where 7 e (3/2,3/2 + 6) in the 2-valued case and 
7 G (2,3) in the single valued case, such that if the hypotheses 6.1, 6.2 hold and if we 
write ||w||p = (p^ '^Jqe w^Y^'^ for each p G (0,po]; then 

\\w\\p/2 > 2'''||w||p/4 ^ \\w\\a > {2a/ py\\w\\p/2 for each a G [3p/4, p] and each p G (0,po], 
so in particular ( taking o — p) 

lhl|p/2>2^||«;||p/4^||^/;||p>2^||^/;||^/2 

for each p G (0, 1]. 

6.8 Remark: In particular this lemma shows that if o" G (0, ^\ is such that I|?«||2(t ^ 
2'''||w||o. then ||w||2Jo- > 2^||w||2j-io- for every j = 1, . . . such that 2^a < po, which implies 

\\w\\p < C'p'^lkllpo 

for all p G (cr, ^] , whence 

ll^^llp < Cp'^\\w\\l2(Bi) for all p G {a, |]. 

Proof of Lemma 6.7: We give the proof first in the 2-valued case. If the contrary holds 
with pq = p = p£ and w — Wj^ for £ — 1,2, . . ., then by rescaling x — > p~^x and using 
the C^'" estimates of 6.4 we see that a subsequence has a 2-valued symmetric C^'" limit 
if on for some a E [3/4, 1] which is harmonic on B„-\}C^ and with p~'"/'^'"'\\ip\\L2(^QBp), 
as a function of p G [1/4,0"], taking a local maximum value at some po G (1/4, a). By 
the Remark 2.3(1) we know that log \\(p\\p a convex function of t = log p for p G (1/4, a) 
and hence so is log(p^^||(/9||p) = —At + log||(/?||p. A convex function attaining a local 
interior maximum is constant, hence p^'^||(/9||p is constant for p G (1/4, a). Using the 
Remark 2.4 we then have that Lpj. is a constant multiple of (/? so that (f extends to all of 
M" as a homogeneous degree 7 function. Since we take 7 G (3/2, 3/2-1-5) with S as in 
Lemma 4.2, this contradicts the result of Lemma 4.2. 

The proof in case w is single valued is similar, except that we use 7 G (2,3) and since 
there are no single valued harmonic functions on M" which are homogeneous of non- 
integer degree, this again gives a contradiction. 

Using Lemma 6.6 and Lemma 6.7, we can now prove the following regularity /decay 
result: 



32 



L. Simon & N. Wickramasekera 



6.9 Theorem. If a G (0,6), 6 = 6{n) as in 3.2, there is e = e{n,p,a,f3) e (0, 1/2] and 
C = C{n,p, a, (3) such that if w E C^'", if 6.1, 6.2, 6.3 hold and if E IC^, then in the 
2-valued symmetric case we have 

sup \w\ < C||w||L2(B^)p3/2^ p e (0, i] 
Bp 

and in the single-valued case we have 

sup|w| < C||w||l2(s^)P^ pe(0, |]. 

Bp 

Proof: We give the proof in the 2-valued case first: First assume e /C^ fl S1/2. Let 
5 — 5{n) e (0, 1) be as in the 2-valued case of Lemma 6.6, and let 7 = 3/2 -|- 5/2. For 
suitable e = e{n,p) > 0, we can apply the 2-valued case of Lemma 6.6. So let a G [0, 1] 
be inf{|,{p G (0,1/2] : \\w\\p > 2'''||'u;||p/2}}. Then in accordance with Remark 6.8 we 
have 

(1) \Mp < Cp^\\w\\L2iB,) < Cp^/^\\w\\l2^b,): P G (a, 1/2] 

and, assuming a 7^ 0, \\w\\p < 2'^\\w\\p/2 for every p G (0,(j], and hence by the 2-valued 
case of Lemma 6.6 we have 

(2) \\w\\p<C\\wUp/af'\ pG(0,a]. 
Thus by combining (1) and (2) we have 

\\w\1<C\\w\\l^^b,)P^'\ VpG (0,1/2], 
and by integration with respect to p 

{p-[ w'f' < C\\wh.^B,)p'^', Vp G (0,1/2]. 

J Bp 

Next observe that by the C^'^ estimates we then have 

sup|«;| <C(p-/ w'^y^^ < C\\w\\l2^b,)P'^^ ^pe {0,1/2]. 

Bp/2 Bp 

This completes the proof in the 2-valued symmetric case. The proof in the single- valued 
case is similar except that we use 7 G (2,3) and the single- valued cases of Lemmas 6.6, 
6.7, and in place of 4.4 we use the standard fact that each single-valued homogeneous 
harmonic function on R'^ is given by a homogeneous harmonic polynomial and hence 
has integer order of homogeneity. 
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7 Regularity for Ua = + ^^2) and v = db|(ui — 1*2)5 Part II 

Wc first observe that, in view of Lemmas 5.13 and 5.14, the equation 5.10 has the correct 
form to ensure that Theorem 6.9 can be apphed with w = v, whence we have 

7.1 Theorem, v — {±^{ui — U2)} is locally C^'^l'^ in Bi, and we have the estimates 
\v{x)\ < Ceod{xf'^, \Dv{x)\ < Ceod{xf''^, \DM^)\ < Ceod{x)-^/^, x e Bi/2, 

where C = C{n, k) and d{x) = dist(a;, /C„). 

In view of 5.11 we can also apply the single-valued case of Theorem 6.9 to the average 
Ua — 1(1*1+^2) in balls centered at (since we assume u{0) — {0, 0} and Du{x) — {0, 0}). 
Thus we have 

7.2 sup \ua\ < CsqP^ Vp e (0, 1]. 

Bp 

We want to show that similar decay estimates hold for Ua{x) — Ua^Xo) — {x — Xq) -Dua^Xo) 
on balls Bp{xq) for any xo G /C^ fl Bif^: 

7.3 Lemma. If xo G B1/4 fl ICu then 

\Uaix) - UaiXo) - {x - Xo)DUa{xQ)\ < CcqP^ 

for all X e Bp{xo), p e (0, 1/4]. 

Proof: Since \Dua\ < Eq, we can choose an (n + k) x (n + k) orthogonal matrix Q with 
|/ — Q| < Ceo such that Q takes the tangent space of graph at at the point (xq, u{xo)) 
to the space R'* x {0} and graphic = graph{iii, 1^2} is transformed to graph{iti, it2}, 
where u — {ui, U2} is a C-*^'^/^ function over B1/4 with [£)it]i/2 < Ceq, 

(1) = ix-Xo,Ui{x) -Ua{Xo))Q 

{r], U2{r])) = {x- Xo, U2{x) - Ua{Xo))Q. 

Notice that since (ci, DiUa{xo) is in the tangent space of graph at {xo,Ua{xo)) for 
2 = 1, . . . , n we have (cj, DiUa{xQ))Qk = 0, where Qk is the {n + k) x k matrix consisting 
of the last k columns of Q, so for i = 1, . . . , n we have 

(2) {ei, 0)Qk = -DiUa{xo)Qkk, 

where Q^k is the k x k matrix consisting of the last k rows of Qk- On the other hand 
since x — Xq = J2i=ii^i ~ Xoi)^i we see from (1) that 

Er=i(^i ~ ^oi){ei, 0)Qk + {u2{x) - Ua{xo))Qkk = U2{r]), 
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and so by (2) 

{-{X - Xo)DUa{xo) + {Ui{x) - Ua{xo)))Qkk = Ui{^) 
{-{X - Xo)DUa{xo) + {U2{x) - Ua{xo)))Qkk = U2{ri), 

and by taking sums we have 

{-{X - XQ)DUa{Xo) + {Ua{x) - Ua{Xo)))Qkk = |(^2(^) + 

= i(«a(0 + uaiv)) + - MO) - (Mv) - Mm 

where Ua = + M- 

Since \Qkk ~ -^1 < C^o, for Eq small enough (depending only on n, k) we then have 

(3) \Ua{x) - Ua{xo) - {x - Xo)DUa{Xo)\ 

< c{\uam + \Mv)\ + \(M0 - MO) - (Mv) - Mv))\)- 

Notice also that by taking differences in (1) we have 

(^-V,MO -Mv)) = (0,'Ui(x) -U2{x))Q 

whence 

(4) \^-ri\<C\v{x)\<Ceop'^' 
by 7.1. 

Taking Eq — Soin, k) small enough to ensure Ceq < |, we consider the following 2 cases 
with a = Case 1 BiaiO n /C^ and Case 2 .62^(0 n /Cs = 0. In Case 1 we have 
by 7.1 (applied with u in place of u) and (4) that |mi(0 ~ '^2(01 + ~ ''^'^iv)\ ^ 

CeQa^^"^ < CsqP^/^ < CsqP^. In Case 2, for Sq — eo{n,k) small enough, we also have 
B3a/2{x) n ]Cu = and hence there is a unique pair Ui,U2 of smooth single valued 
functions on the ball B3„i2{x) with u\Bj,„i2{x) = {ui,U2} and corresponding smooth 
single valued Ui,U2 on -Bo-(0 so that (1),(3) hold. Then by 1- variable calculus along the 
line segment joining ^ to 77 we get 

(5) \{MO-MO)-{Mv)-Mv))\< sup \D{u,-M\^ 

and by 7.1 (applied with u in place of u) we have sup£^(^) \D{ui — U2)\ < C^oP^^^, and 
so the right side of (5) is < Csop^^'^a — CsqP^. Thus in both Case 1 and Case 2 we 
conclude 

\{M0 - MO) - (Mv) - Mv))\ < csop', 
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and hence using this together with 7.2 (apphed to Ua instead of «„) on the right of (3) 
we obtain 

\{Ua{x) - Ua{Xo)) - {x - Xo)DUa{Xo)\ < CEqp'^ 

as claimed 

Finally we show that Ua G C^'^: 

7.4 Theorem. e C^'^{Bi/g) with sup^^^^ |-D^tia| < Ceq. 

Proof: The proof is based on the estimates of Theorem 7.1, Lemma 7.3 and elliptic 
estimates for single valued solutions. First note that by equation 5.11' and Theorem 7.1 
we have 

(1) J:^j(^xD^DX = With \at^ - 5,,-5,a| < C£o, and < C^o, C = C(n, k), 

K — l,...,k, where we used Theorem 7.1 in checking that < Csq. It is then standard 
(the LP' elliptic theory applied to the function Ua — Ua{xQ) — {x — xq) ■ Dua{xo), which 
satisfies the same equation (1)) that, provided Eq — Eo{n, k) is small enough, 

/ \D\,\^ < Cp-' I \ua - Ua{xo) - (x - xo) • Dua{xo)\' + CeIp'' 
for xq e n /C„ and p e (0, 1/4], and by virtue of Lemma 7.3 this implies 

(2) p-^f |dV|'<c4 xoe5i/4nK:„,pe (0,1/4], 

JBpi2{xo) 

with C independent of xq and p, and hence \D'^Ua{xQ)\ < Ceq for a.e. xq G /C„. (Of 
course this latter statement is vacuous if /C^ has measure zero, which we ultimately 
show must be the case.) 

Now suppose that x G -Bi/g \ /C^, choose Xq G /C„ fl -B1/4 with |a; — Xq] = d{x), and let 
p = \x — Xo\. Then u\Bp{x) can be represented as an ordered pair of C°° solutions of the 
minimal surface equation, each with gradient of length < Ceq, and 7.1 plus quasilinear 
elliptic estimates implies that the equation 5.10' can be written 

(3) A^;'^ + l/^^DiDy ^OonBp {x) , 
with 

(4) sup p\D,ht^ + p"'[D,ht>\i/2,B,^2ix) < Ceo, 

By (4), Schauder theory (for single- valued solutions) can be applied in (3), giving 
[D''v\y2,B^/,{x) < Cp-'^'''EoSUY>B^/2{x)\Dv\ < Ce^P^^ by 7.1. 
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Via another application of 7.1, this shows that the function on the right of (1) satisfies 
[Fi^i/2,Bp/2{x) ^ C^qP"^^"^- Thus using (1) in combination with Schauder theory gives 

(5) p'''[D\a]l/2,B,/,i.)<Ce,. 

On the other hand by (2) with 4p in place of p we know there is a set of positive measure 
in i?p/4(a;) with \D'^Ua\ < Ceq and then (5) gives sup^^^^^^.^ \D'^Ua\ < Ceq and hence in 
particular \D'^Ua{x)\ < Ceq as required. 

8 A frequency function for v and the dimension of JCw 

Using the key regularity results Ua E C^'^{Bi) and v E C^'^^^{Bi), we can now establish 
the monotonicity of a frequency function for v, and use it to bound the size of /C„. 

We first want to show that the above regularity results make it possible to obtain a 
suitable frequency function by directly modifying the work of Garofalo and Lin |GL86j 
to handle the present 2-valued setting and higher codimension. (Codimension k > 1 
implies that stationarity of G = graph u puts us in an elliptic system setting rather than 
the single equation setting discussed in [GL86j .) 

In view of the estimates 7.1, 7.4 we see that the equation 5.11 for v'^ can be written in 
the form 

8-1 El,=M^''D^^^) + EtiELiKxD^v' = 0, = 1, . . . , fc, 

with A^^ Lipschitz (real-valued) with small Lipschitz constant and E^^ bounded: 

8.2 \A^^{x)-A'^{y)\<Ceo\x-y\, \EUx)\ < C Wx,y E B^/^, 

and A^^,El^ single- valued. It is of crucial importance that we can thus write the equa- 
tion for f as a system which is only weakly coupled (i.e. the top order part Di{A^^ DjV'^) 
involves application of the same scalar second order operator Di{A^^Dj) to each compo- 
nent v'^ of v). 

We now claim that, in view of 8.1, 8.2 (which depend of course on the main regularity 
results 7.1 and 7.4), we can make a straightforward modification of the work of Garofalo 
& Lin to establish a key monotonicity result for the function v. 

Before stating the result we need to set up some notation: 

In view of 8.2 we can assume without loss of generality that 

det{A^) = 1, 
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because otherwise we can replace A^'' by det(A*'')~^/"A^'^ without changing the form of 
the equation 8.1 and at the same time ensuring 8.2 still holds with C = C{n, k, a). Then 
as in |GL86] we can view the operator Di{A'^Dj) in 8.1 as the Laplacian with respect 
to the metric 'Yliij Aijdxidxj where 

The fact that Aij is Lipschitz is not sufficient to introduce normal coordinates, but 
following |AKS62j we can first multiply by the Lipschitz conformal factor 

r^ix) = A'"^{x){xe/r){xjr), r = {Ej^'^Y^', 

to give a new metric 

Aij = r]Aij = A^"'{x){xe/r){x^m/r)Aij. 

Notice that indeed ry is Lipschitz, because A^^ = 6ij+aij with aij Lipschitz and aij{0) = 0, 
and hence = i + 'Ei jCiij{xi/r){xj/r) which implies l-D^ry] < C j{\Diaij\+r~^\aij\) < 
C. Thus the equation 8.1 can be written 

E • A {A''D,v^) + EtiT.U^TDeVp = 0, a = l,...,k, 

where 

A'^ = (A^™(x)(x,/r)(x„/r))^A*^'. 
Thus working with 'gij instead of Qij involves merely multiplying the principal coefficients 

n-2 

of the equation by the Lipschitz function rj 2 , where rj = Yli ^"^^ 
this does not change the form of the equation (or the boundedness of the coefficients of 
the first order terms). But it has the advantage (as proved in |AKS62j ) that, provided we 
have 8.2 with Eq = eo{n, k) small enough, we can make a bilipschitz change of coordinates 
y = r{x) with r(0) = 0, 

T{Bi) D Bi/2, po = po{n), 
Aijdxidxj = gij{y)dyidyj 

such that the new coordinates have some of the key properties enjoyed by normal coor- 
dinates, including 

T^jdijVj = Vi on Bi/2, i = l,...,n, 

and also having the property that the radial derivatives Dr'gtj = 'Ejlyl^^yj^yj'dij are 
bounded: 

iDrdijl <C, C = C{n, k),i,j = 1, . . . ,n. 
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Then, writing A^^ = \fg^^ ^ the equation 8.1 transforms to a new equation of the same 
form, Viz., 



8-3 E::,=iApI),^;'^) + ELiEti^L^^^' = 0, « = 1, . . . , fc, 

where v = v o r~^, 

8.4 1*^(0) = < C,§ < C, 

and where we now also have 

g ^ Y^fi^Vj = f^Vi^ y e Bi/2, /i = i = 1, . . . , n, 

I Ayul < C, <I2<C, C = C{n, a). 

8.6 Lemma. There is Eq = eQ{n,k,a) such that if ^ ICu, if 1-2, 1.6 hold, and if 
V = f or^-*^, A^^ , and jj are as above, then the modified frequency function Nif{p) defined 
by 



has the property that {exp Cp)N^{p) is increasing as a function of p E {0,po], where 
C = C{n, k, a), po = po{n, k, a) G (0, |], and furthermore we can choose 9 = 9{n, k, a) G 
(0, 1) so that for each (3 > A'^^(po) we have the fixed lower bounds 



a'-" [ \v\' dW'-' > {a/p)'^p'-" [ \v\' dH''-\ < a < p < min{po, ^(^-1)}- 

JdB„ JdB, ^^"^^"^ 



8.7 Remark: Notice that the modified frequency is of similar order to the usual 
frequency function Ni^{p) = V{p)/H{p), where ^^{p) = p^~^ A^^Vi ■ Vj, 'H(p) = 
p^""" Jq^ p\v\'^ dT-L^'^, by virtue of the fact that 

il-Cp)Vip)<Iip)<il + Cp)Vip) 

for sufficiently small p, where X(p) is the quantity on the top line of Ni^{p) in 8.6 above, 
because 8.3 implies 

V{p) = X(p) + p2-" / R{v) ■ V 



with R{v) an M'^-valued function such that |-R(w)| < C{\v\ + \Dv\), and 6.5 is applicable 
with w = v. (Only the fact that w satisfies an equation of the form of 8.3 and the fact 
that w was Lipschitz, rather than C^'", was used to prove 6.5.) 



* We emphasize that the construction of [AKS62] only ensures boundedness of the radial derivative DrA^^, 
not the tangential derivatives. 
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Proof of 8.6. First note that (by applying the operator '^VjDy. to equation 8.3 and 
using 8.4) we see 

EjVjDy^vx e W''\By2 \ /C^), A = 1, . . . , fc. 

Also by multiplying by •ysiy) in 8.3, with •jsit) = signt max{|t| — 6, 0}, and integrating 
by parts we see that (after letting 5 J, 0) 



/ \Dv\^<Cpf {\v\^ + \Dv\^) 



iiv = {0,0} on dBp and hence for small enough p we use 6.5 (with w = v) to conclude 
that V = on Bp. Thus the modified frequency function Ng[p) is well-defined for 
p G (0, po] suitable po = Po(^) k, a). 

In view of 8.3-8.5 we can now check the two basic identities (analogous to the identities 
in Remark 2.3(2) in the special case Cj{^) = ^j) '■ 

8.8 V = p2-" f AkiVk ■ vi = p2-" f fiv-Vr + p'-" f R{v) ■ V, 

J Bp OBp ^ Bp 



(n - 2)pi-" / ■ VI - p2-" / ■ VI = -p2-" / 2fi\vr\' 

J Bp J dBp J dBp 



-pi-" / r{A^'^'vk-vi-2R{v)-Vr), 
'b, 



I.e. 



8.9 ^' = Tp{p''^ j ^ 

= p^-'^ / 2^l\Vr\^ + p'-" / T{Af% ■ VI - 2R{V) ■ Vr) 



where subscripts denote partial derivatives, |-R(t^)| < C(|i''| + |-Dt?|) and p = y^as above. 
Using these identities we can now establish the required monotonicity as in |GL87l 
pp. 358-364] with r/(r) =const. (Notice we use 8.7, 8.8 and 8.9 in lieu of the correspond- 
ing inequalities/identities on p. 358 of |GL87] and we do not need to refer back to |GL86] 
as is done in |GL87] ). 

To prove the last part of 8.6 observe that by the monotonicity of Ny(p) and the inequal- 
ities of Remark 8.7 we have iVs(p) < (1 + Cp)Nis{po) for p G (0, po]. Also, by 8.8 and the 
fact that 6.5 is applicable with w = t?as discussed in 8.7, we have 'H'(p) < 2(1 + Cp)r'(p), 
and then we have p'H (p)/'H(p) < 2(1 + Cp)N^f{pQ) < 2/3 if p < pi, where pi is a suit- 
ably small multiple (depending in n, k, a) of ^ ^ — 1. Hence we can integrate (as in 
Remark 2.3(4)) to conclude the stated bounds in the last part of 8.6. 
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8.10 Theorem. Suppose v ^ 0. Then the H aus dor ff dimension of JC^ is at most (n — 2). 
Furthermore, either = ^ or the Hausdorff dimension of Bu is equal to {n — 2) and 
the (n — 2) -dimensional Hausdorff measure of Bu is positive. 

Proof: For the first claim of the theorem, it suffices to show that W (K.^ Ci B1/2) = 
for every s > n — 2. Sofixs>n — 2 and suppose that (/C„ fl -B1/2) > 0. Let fig be 
the outer measure on as defined in §4 and, also as in §4, let z ^ JCyd B1/2 be a point 
of positive upper density with respect to /ig- Thus there exists a sequence of positive 
numbers aj — )■ such that 

(1) lim a.->,(/C^nS^,(z)) > 0. 

Let Vz{x) — v{z + x). By 7.1 and 7.4 we have the interior C^'^/^ and W'^'^ estimates 
(2) 

sup \v,\+a sup \Dv,\+a'/^ sup - Dv^i-^)] < ^ / f ^^^^^V^' 

and 

(3) (7^-" / \D\,\^ < Cfj-" / 

JBe^iy) JBa{y) 

for each a e (0,1/4), y e -61/4(2;) and each 9 e (0,1), where C — C{n,k,9,a). It 
follows directly from these estimates that if we let Vz^a^i'^) — (^j "'^^1^2 1112(6^ )'^z{crjx) for 
X e Bi, then after passing to a subsequence, we have that v^^aj f for some 2-valued, 
symmetric function ip G C^'^/^(]R") fl W^^^{M."'), where the convergence is in C^'^{Bp) 
for every p > and P < \, guaranteeing also that </? is harmonic. Also, as in the proof 
of 4.1, we have //^(/C^ n B^) > 0. 

We claim that (p is not identically zero. Indeed, by taking cr = in the inequality 
in the last part of 8.6 and integrating with respect to p, we have, for each 9 e (0, 1), 
Jb^ > C{n,k,a,9) Since the change of coordinates F is bilipschitz this 

gives ji'p > C{n,k,a) ji'p, whence ^z.^^ P > C for some fixed C > 
(independent of j) and (p is non-zero as claimed. 

Thus (p is C^'° harmonic, not identically zero, and H^{}Ci^) > for some s > n — 2, 
which contradicts Lemma 4.1. 

For the remaining assertion, note that if "H""^ (Bu) = then by the result of the Ap- 
pendix Bi\Bu is simply connected, so that ttl^^^g^ = {^i, ^2} for a pair of smooth func- 
tions ui, U2 : Bi\Bu — >■ K*^ each solving the minimal surface system. Since 'H^~^{Bu) = 
and Ui,U2 are C^'°(Si) it follows that in fact Ux,U2 are weak C^'°(5i) (hence smooth 
strong) solutions of the minimal surface system, which implies that B„ = 0. 
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Combining the codimension 1 case of Theorem 8.10 with the main regularity theorem 
of |Wic08] . we obtain the following: 

8.11 Theorem. Let V he an n- dimensional stationary integral varifold in an open set 
U C W'^^ arising as the weak limit of a sequence of stable minimal hypersurfaces Mj 
of U with Mj immersed away from a closed set Kj of locally finite (n — 2) - dimensional 
Hausdorff measure for each j. Then the set of points z G support \\V\\ where V has 
a multiplicity 2 tangent plane but support ||\^|| is not a smooth embedded submanifold 
near z has Hausdorff dimension at most (n — 2). In particular, the set of multiplicity 2 
branch points of V (i.e. the set of points z G support ||\^|| with the property that V has 
a multiplicity 2 tangent plane at z, but for no a > is support \\V\\ fl 5""*"^ (2;) equal to a 
smooth immersed hypersurface of B'^~^^{z)) is either empty or has Hausdorff dimension 
equal to {n — 2) and locally positive {n — 2) -dimensional Hausdorff measure. 
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Appendix: A simple connectivity lemma. 

The following lemma is presumably well known, but we include it here for the convenience 
of the reader since we have not found it in the literature. 

Lemma. If T is a dosed subset of M."' with'H'^^'^iV) = 0, then Bi\T is simply connected. 

Proof: We use induction on > 2. In case n = 2 the result is trivial because F = 
in this case. So assume that n > 3 and that the result holds with n — 1 in place of n. 
Bi is bilipschitz homeomorphic to Qi, where Qi is the cylinder B^~^ x (—1, 1), and this 
homeomorphism takes the compact set rni?i to the compact set F, where 'H"~^(r) = 0, 
so it suffices to prove Qi \ F is simply connected. 

By the "rough coarea inequality" ( |Fed69t 2.10.25]) we can pick i/q G (—1, 1) such that 

(1) •H"-=^((M"-ix{yo})nr) = o. 

Let 7 : S*^ — ?► M" be an arbitrary smooth closed curve contained in Qi \ F, let 

S = min{|x — y\ : X E J, y E F}, 

and let P denote the projection (x^, . . . , x") {x^, . . . , x"^"*^, 0) of M" onto M"^^ x 
{0}. Then P(F) x M is a compact subset of MJ^ with [n — l)-dimensional HausdorfT 
measure zero and hence its orthogonal projection onto any given hyperplane in M" 
also has {n — l)-dimensional Hausdorff measure zero. Thus ii rj E S^~^ and L is the 
hyperplane orthogonal to rj, and if -P^ is orthogonal projection of M" onto L, then = 
P^^{Pr){P(T) X M)) is a set of "H^-measure zero and every line iy{ri) = {y + ri] : t E M.} 
with y ^ is disjoint from U (-P(F) x M). It is then elementary to construct an 
approximation 7 : 5^ M" to 7 with max^g^i |7(t) -7(t)| < 6 and 7 C Qi \ (-P(F) x M). 
(We can construct such a 7 by first taking a polygonal approximation to 7 with edge 
segments Si, . . . ,sn parallel to rji, ... ,riiy E S*""^ respectively, and then composing with 
a translation r of chosen to ensure that none of the translated segments r(sj) have 
endpoints in A^^, , j = 1, . . . , A^.) 

Then 7 can be homotopied in Qi \ F to 7 via the homotopy 7s(t) = S'y(t) + (1 — s)'y(t), 
s E [0, 1]), and 7 can be homotopied in Qi \ (P(r) x M) to 71 C Qi n (M""^ x {yo}) via 
the homotopy 7^(t) = (71 (t), . . . ,7„_i(t), syo + (1 - s)7„(t)), s E [0, 1]. Finally by (1) 
and the inductive hypothesis 71 can be homotopied in Qi fl (M"^^ x {yo}) \ F to a point, 
and the proof is complete. 
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